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AN AFFIRMATIVE ANSWER TO YAMADA’S CONJECTURE
CHUAN LIU AND FUCAI LIN
Abstract. In this paper, we give an affirmative answer to Yamada’s Conjecture on
free topological groups, which was posed in [K. Yamada, Fre´chet-Urysohn spaces in
free topological groups, Proc. Amer. Math. Soc., 130(2002), 2461–2469.].
1. Introduction and Preliminaries
Throughout this paper, all topological spaces are assumed to be Tychonoff, unless
explicitly stated otherwise. Given a space X, let F (X) and A(X) be the free topological
group and free Abelian topological group over X in the sense of Markov respectively. For
every n ∈ N, let Fn(X) and An(X) denote the subspaces of F (X) and A(X) respectively
that consists of words of reduced length at most n with respect to the free basis X. A
space X is said to be Fre´chet-Urysohn if, for each x ∈ A ⊂ X, there exists a sequence
{xn} such that {xn} converges to x and {xn : n ∈ N} ⊂ A.
The free topological group F (X) and the free abelian topological group A(X) over a
Tychonoff space X were introduced by Markov [6] and intensively studied over the last
half-century, see for example [1, 3, 4, 5, 7, 8, 9, 10, 12].
In [11], Yamada proved the following two theorems.
Theorem 1.1. [11] Let X be a metrizable space. Then F5(X) is Fre´chet-Urysohn if
and only if X is discrete or compact.
Theorem 1.2. [11] Let X be a metrizable space. Then F3(X) is Fre´chet-Urysohn if
and only if the set of all the non-isolated points of X is compact.
Therefore, Yamada gave the following conjecture:
Yamada’s Conjecture: [11] If the set of all non-isolated points of a metrizable space
X is compact, then F4(X) is Fre´chet-Urysohn.
In this paper, we shall give an affirmative answer to Yamada’s Conjecture.
Let X be a non-empty Tychonoff space. Throughout this paper, X−1 := {x−1 : x ∈
X}, which is just a copy of X. For every n ∈ N, Fn(X) denotes the subspace of F (X)
that consists of all words of reduced length at most n with respect to the free basis
X. Let e be the neutral element of F (X) (i.e., the empty word). For every n ∈ N and
an element (x1, x2, · · · , xn) of (X
⊕
X−1
⊕
{e})n we call g = x1x2 · · · xn a word. This
word g is called reduced if it does not contain e or any pair of consecutive symbols of
the form xx−1 or x−1x. It follows that if the word g is reduced and non-empty, then it
is different from the neutral element e of F (X). In particular, each element g ∈ F (X)
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distinct from the neutral element can be uniquely written in the form g = xr11 x
r2
2 · · · x
rn
n ,
where n ≥ 1, ri ∈ Z \ {0}, xi ∈ X, and xi 6= xi+1 for each i = 1, · · · , n − 1, and the
support of g = xr11 x
r2
2 · · · x
rn
n is defined as supp(g) := {x1, · · · , xn}. Given a subset K of
F (X), we define supp(K) :=
⋃
g∈K supp(g).
2. The proof of Yamada’s Conjecture
Throughout this paper, we always assume that (X, d) is a metric space with a metric
d such that the set K of all the non-isolated points of X is compact. For each n ∈ N,
let
Vn = {x ∈ X : d(x,K) < 1/n}.
Let W1 = X \ V1 and Wn = Vn−1 \ Vn for each n ≥ 2. It is easy to see that each Wn is
a closed discrete subspace.
The following lemma play an important role in our proof.
Lemma 2.1. There is a compatible metric ̺ on (X, d), which satisfies the following
conditions:
(1) ̺(x, y) = ̺(y, x) for any x, y ∈ X;
(2) ̺(x, y) = |i− j|/(i · j) if x ∈Wi, y ∈Wj , i 6= j and d(x, y) < |i− j|/(i · j);
(3) ̺(x, y) = 1/(i · (i+ 1)) if x, y ∈Wi, x 6= y and d(x, y) < 1/(i · (i+ 1));
(4) ̺(x, y) = d(x, y), otherwise.
Proof. First we prove ̺ is a metric on X. Clearly, it suffices to prove the triangle
inequality. Take arbitrary x, y, z ∈ X. We may assume that x, y, z are distinct each
other.
Case 1 |{x, y, z} ∩K| ≥ 2.
Then ̺(x, y) = d(x, y), ̺(x, z) = d(x, z) and ̺(z, y) = d(z, y). Since d(x, y) ≤ d(x, z)+
d(z, y), ̺(x, y) ≤ ̺(x, z) + ̺(z, y).
Case 2 |{x, y, z} ∩K| = 1.
Without loss of generality, we may assume that x ∈ K. Obviously, there exist
i, j ∈ N such that y ∈ Wi and z ∈ Wj . Then ̺(x, y) = d(x, y), ̺(x, z) = d(x, z). It
follows from the definition of ̺ that d(y, z) ≤ ̺(y, z). Therefore, ̺(x, y) = d(x, y) ≤
d(x, z) + d(z, y) = ̺(x, z) + d(z, y) ≤ ̺(x, z) + ̺(y, z); ̺(x, z) = d(x, z) ≤ d(x, y) +
d(y, z) = ̺(x, y) + d(y, z) ≤ ̺(x, y) + ̺(y, z). If i = j and d(y, z) < 1/(i · (i + 1)),
then ̺(y, z) = 1/(i · (i + 1)), hence ̺(y, z) ≤ ̺(y, x) + ̺(x, z) since ̺(x, y) ≥ 1/i and
̺(x, z) ≥ 1/i. If i = j and d(y, z) ≥ 1/(i · (i + 1)), then it is obvious. If i 6= j and
d(y, z) < |i− j|/(i · j), then ̺(y, z) = |i− j|/(i · j), hence ̺(y, z) ≤ ̺(y, x)+ ̺(x, z) since
̺(x, y) ≥ 1/i and ̺(x, z) ≥ 1/j. If i 6= j and d(y, z) ≥ |i− j|/(i · j), then it is obvious.
Case 3 |{x, y, z} ∩K| = 0.
Then there exist i, j, k ∈ N such that x ∈ Wi, y ∈ Wj, z ∈ Wk. Without loss of
generality, it suffices to prove ̺(x, y) ≤ ̺(x, z) + ̺(y, z).
If i = j and d(x, y) < 1/(i · (i + 1)), then ̺(x, y) = 1/(i · (i + 1)). Moreover,
̺(x, z) ≥ |i − k|/(i · k) and ̺(y, z) ≥ |i − k|/(i · k). Assume that i = k, then ̺(x, z) +
̺(z, y) = 1/(i · (i+ 1)) + 1/(i · (i+ 1)) = 2/(i · (i+ 1)) ≥ 1/(i · (i+ 1)) = ̺(x, y). Hence
it suffices to consider i 6= k. Then ̺(x, z) + ̺(z, y) ≥ |i − k|/(i · k) + |i − k|/(i · k) =
2|i − k|/(i · k) ≥ 1/(i · (i + 1)) = ̺(x, y). If i = j and d(x, y) ≥ 1/(i · (i + 1)), then
̺(x, y) = d(x, y) ≤ d(x, z)+d(y, z) ≤ ̺(x, z)+̺(y, z). If i 6= j and d(x, y) < |i−j|/(i·j),
then ̺(x, y) = |i − j|/(i · j), hence ̺(x, z) + ̺(z, y) ≥ |i − k|/(i · k) + |j − k|/(j · k) =
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|ij−jk|+|ij−ik|
ijk
≥ |ik−jk|
ijk
= |i − j|/(i · j) = ̺(x, y). If i 6= j and d(x, y) ≥ |i − j|/(i · j),
then ̺(x, y) = d(x, y) ≤ d(x, z) + d(y, z) ≤ ̺(x, z) + ̺(y, z).
Therefore, ̺ is a metric. It easily check that the topology generated by the metric ̺
on X is compatible with (X, d). 
Lemma 2.2. The metric ̺ in Lemma 2.1 has the following properties:
(1) For any x ∈ X \ Vk, y ∈ X, y 6= x, it has ̺(x, y) > 1/(k + 1)
2.
(2) If ̺(xn, yn) < 1/n for each n ∈ N, then there exist sequences {xnk} and {ynk}
such that xnk → x0 and ynk → x0 as k →∞, where xn, yn ∈ X,xn 6= yn and x0 ∈ K.
Let ̺∗ and N̺ be defined in the proof in [2, Theorem 7.2.2]. For the convenience, we
give out the definitions.
Suppose that e is the neutral element of the abstract free group Fa(X) on X. Extend
̺ from X to a metric ̺∗ on X ∪{e}∪X−1. Choose a point x0 ∈ X and for every x ∈ X,
put
̺∗(e, x) = ̺∗(e, x−1) = 1 + ̺(x0, x).
Then for x, y ∈ X, define the distance ̺∗(x−1, y−1), ̺∗(x−1, y) and ̺∗(x, y−1) by
̺∗(x−1, y−1) = ̺∗(x, y) = ̺(x, y),
̺∗(x−1, y) = ̺∗(x, y
−1
) = ̺∗(x, e) + ̺∗(e, y).
Let A be a subset of N such that |A| = 2n for some n ≥ 1. A scheme on A is a
partition of A to pairs {ai, bi} with ai < bi such that each two intervals [ai, bi] and
[aj , bj ] in N are either disjoint or one contains the other.
If X is a word in the alphabet X ∪ {e} ∪X−1, then we denote the reduced form and
the length of X by [X ] and ℓ(X ) respectively.
For each n ∈ N, let Sn be the family of all schemes ϕ on {1, 2, · · · , 2n}. As in [2],
define
Γ̺(X , ϕ) =
1
2
2n∑
i=1
̺∗(x−1i , xϕ(i)).
Then we define a prenorm N̺ : Fa(X)→ [0,+∞) by setting N̺(g) = 0 if g = e and
N̺(g) = inf{Γ̺(X , ϕ) : [X ] = g, ℓ(X ) = 2n,ϕ ∈ Sn, n ∈ N}
if g ∈ Fa(X) \ {e}.
Lemma 2.3. Let
B = {xǫ1yǫ2zǫ3tǫ4 ∈ F4(X) \ F3(X) : x, y, z, t ∈ X, ǫi ∈ {−1, 1},
∑
ǫi = 0, 1 ≤ i ≤ 4}.
If e ∈ B, then there is a convergent sequence {hn = x
ǫ1
n y
ǫ2
n z
ǫ3
n t
ǫ4
n } in B such that hn → e
as n→∞.
Proof. Let ̺∗ and N̺ be defined as above. It is known that for each n ∈ N,
U̺(n) = {g ∈ Fa(X) : N̺(g) < 1/n} ∩ F0(X)
is an open neighborhood of e in F (X) by [2, Theorem 7.2.2]. We divide the proof into
the following two cases.
Case 1: For each n ∈ N, there exists x
ǫ1(n)
n y
ǫ2(n)
n z
ǫ3(n)
n t
ǫ4(n)
n ∈ B ∩ U̺(n) such that
xn, yn, zn, tn ∈ Vn, where Vn = {x ∈ X : d(x,K) < 1/n}.
Without loss of generality, we may assume that ǫi(n) = ǫi(i ≤ 4). In fact, we can
choose a subsequence of {x
ǫ1(n)
n y
ǫ2(n)
n z
ǫ3(n)
n t
ǫ4(n)
n : n ∈ N}. We can also assume that
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xn → x, yn → y, zn → z, tn → t, where x, y, z, t ∈ K. Clearly,
∑
ǫi = 0. Then we have
the following claim.
Claim 1: xǫ1yǫ2zǫ3tǫ4 = e.
Fix an n ∈ N, let gn = x
ǫ1
n y
ǫ2
n z
ǫ3
n t
ǫ4
n and let Dn = {x
ǫ1
n , y
ǫ2
n , z
ǫ3
n , t
ǫ4
n }. We claim that
N̺(gn) = min{̺
∗(x−ǫ1n , y
ǫ2
n ) + ̺
∗(z−ǫ3n , t
ǫ4
n ), ̺
∗(x−ǫ1n , t
ǫ4
n ) + ̺
∗(y−ǫ3n , z
ǫ4
n )}
if N̺(gn) <
1
n
.
In fact, it follows from Claim 1 of the proof in [2, Theorem 7.2.2] that there ex-
ist an almost reduced word Υgn = p1 · · · p2m with 2m ≤ 8 and a scheme ϕgn such
that Υgn contains only the letters of gn or the letter e and N̺(gn) = Γ̺(Υgn , ϕgn),
where Γ̺(Υgn , ϕgn) =
1
2
∑2m
i=1 ̺
∗(p−1i , pϕgn (i)). If pi ∈ Dn, then pϕgn (i) ∈ Dn; otherwise,
pϕgn (i) = e, then Γ̺(Υgn , ϕgn) ≥ 1, which is a contradiction with N̺(gn) <
1
n
.
Subcase 1.1: ̺∗(x−ǫ1n , y
ǫ2
n ) + ̺
∗(z−ǫ3n , t
ǫ4
n ) < 1/n for infinitely many n ∈ N.
Then ǫ1 = −ǫ2 and ǫ3 = −ǫ4. If x 6= y, then ̺(x, y) = r > 0. It is easy to see
that there is k ∈ N such that ̺(x, xi) < r/3, ̺(xi, yi) < r/3, ̺(yi, y) < r/3 whenever
i > k. Then r = ̺(x, y) ≤ ̺(x, xi) + ̺(xi, yi) + ̺(yi, y) < r/3 + r/3 + r/3 = r. This is a
contradiction, hence x = y. Similarly, z = t. Therefore xǫ1yǫ2zǫ3tǫ4 = e.
Subcase 1.2: ̺∗(x−ǫ1n , t
ǫ4
n ) + ̺
∗(y−ǫ3n , z
ǫ4
n ) < 1/n for infinitely many n ∈ N.
Then ǫ1 = −ǫ4, ǫ2 = −ǫ3. By the proof of Subcase 1.1, we can prove that x = t, y = z.
Then xǫ1yǫ2zǫ3tǫ4 = e. The proof of Claim 1 is completed.
By Claim 1, we see that Lemma 2.3 holds.
Case 2: There is n ∈ N such that for any aǫ1bǫ2cǫ3dǫ4 ∈ U̺(n) ∩ B = A, one of
a, b, c, d is not in Vn.
We only consider the case
e ∈ {aǫ1bǫ2cǫ3dǫ4 ∈ A : a 6∈ Vn} ∪ {aǫ1bǫ2cǫ3dǫ4 ∈ A : b 6∈ Vn},
otherwise consider the set (U̺(n)∩B)
−1. First, we prove that e ∈ {aǫ1bǫ2cǫ3dǫ4 ∈ A : a 6∈ Vn},
then it suffices to prove
e 6∈ {aǫ1bǫ2cǫ3dǫ4 ∈ A : b 6∈ Vn}.
Let
A1 = {a
ǫ1bǫ2cǫ3dǫ4 ∈ A : b 6∈ Vn}.
Assume that e ∈ A1. In order to obtain a contradiction, we find a neighborhood W1 of
e such that W1 ∩A1 = ∅. Indeed, let
W1 = {g ∈ F (X) : N̺(g) < 1/(n + 1)
2}.
Then W1 is an open neighborhood of e. Moreover, for any g = a
ǫ1bǫ2cǫ3dǫ4 ∈ A1, we
prove that N̺(g) ≥ 1/(n + 1)
2. Indeed, it follows from Claim 1 of the proof of [2,
Theorem 7.2.2] that there exist an almost reduced word Υg = x1 · · · x2m and a scheme
ϕg such that satisfies the following conditions:
(i) Υg contains only the letters of g or the letter e;
(ii) [Υg] = g and ℓ(Υg) ≤ 2ℓ(g);
(iii) N̺(g) = Γ̺(Υg, ϕg).
We claim that Γ̺(Υg, ϕg) ≥
1
(n+1)2
. Indeed, it follows from (i) and (ii) that there
exists i0 ≤ 2m such that xi0 = b
ǫ2 , then ̺∗(x−1i0 , xϕg(i0)) = ̺
∗(b−ǫ2 , xϕg(i0)). Then we
can complete the proof by the following (a)-(d).
(a) If xϕg(i0) = e, then ̺
∗(b−ǫ2 , xϕg(i0)) ≥ 1.
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(b) If xϕg(i0) = a
ǫ1 , then it follows from (1) of Lemma 2.2 that ̺∗(b−ǫ2 , xϕg(i0)) =
̺∗(b−ǫ2 , aǫ1) > 1
(n+1)2
since aǫ1bǫ2 6= e and b 6∈ Vn.
(c) Assume xϕg(i0) = c
ǫ3 . If ǫ2 = ǫ3 and b = c, then xϕg(i0) = b
ǫ2 , hence ̺∗(b−ǫ2 , xϕg(i0)) =
̺∗(b−ǫ2 , bǫ2) ≥ 1 ≥ 1(n+1)2 . If b 6= c, then it follows from (1) of Lemma 2.2 that
̺∗(b−ǫ2 , xϕg(i0)) = ̺
∗(b−ǫ2 , cǫ3) > 1
(n+1)2
since b 6= c and b 6∈ Vn.
(d) Assume xϕg(i0) = d
ǫ4 . Obviously, there exists a j0 ≤ 2m such that xj0 = c
ǫ3 .
Since ϕg is a scheme, it has xϕg(j0) = e, hence ̺
∗(x−1j0 , xϕg(j0)) ≥ 1. Then
Γ̺(Υg, ϕg) ≥ ̺
∗(b−ǫ2 , xϕg(i0)) + ̺
∗(x−1j0 , xϕg(j0)) ≥ 1 ≥
1
(n+ 1)2
.
Therefore, W1 ∩ A1 = ∅, which is a contradiction. Hence the point e belongs to the
closure of {aǫ1bǫ2cǫ3dǫ4 ∈ A : a 6∈ Vn}. Further, we claim that e does not belong to the
closure of the set
A2 = {a
ǫ1bǫ2cǫ3dǫ4 ∈ A : a 6= d, a 6∈ Vn} ∪ {a
ǫ1bǫ2cǫ3dǫ4 ∈ A : a = d, ǫ1 = ǫ4, a 6∈ Vn}.
Suppose not, assume that e ∈ A2. In order to obtain a contradiction, it suffices to
prove that W1 ∩A2 = ∅ by a similar proof above.
Therefore, e belongs to the closure of A3 = {a
ǫ1bǫ2c−ǫ2a−ǫ1 ∈ A : a 6∈ Vn}. Next we
prove that there exists a convergent sequence in A3 which converges to e.
Let D = {a ∈ X : aǫ1bǫ2c−ǫ2a−ǫ1 ∈ A3}, and let Aa = {a
ǫ1bǫ2c−ǫ2a−ǫ1 ∈ A3} for each
a ∈ D. It is obvious that A3 =
⋃
a∈D Aa. We claim that there exist a ∈ D, an infinite
subset M of N, bi ∈ Vi and ci ∈ Vi for any i ∈M such that
aǫ1bǫ2i c
−ǫ2
i a
−ǫ1 ∈ A3 ∩ U̺(i).
Suppose not, for each a ∈ D, there is na ∈ N (nα > n) such that either b /∈ Vna or
c /∈ Vna for each a
ǫ1bǫ2c−ǫ2a−ǫ1 ∈ Aa. Without loss of generality, we may assume that
e belongs to the closure of A4 = {a
ǫ1bǫ2c−ǫ2a−ǫ1 ∈ A3 : a ∈ D, b 6∈ Vna , c ∈ Vn}. Let
C ′ = {b, c ∈ X : aǫ1bǫ2c−ǫ2a−ǫ1 ∈ A4} and C = C ′. Obviously, C ∩D = ∅, D is closed
discrete and C is closed in X. Define a mapping f = π ◦ψ : F (C⊕D)→ A(C×F (D)),
where the mappings π and ψ are defined in the proof of [11, Theorem 2.4]. By our
definition of C and D, it is easy to see that π, ψ and f are all continuous. Therefore,
0 = f(e) ∈ f(A4). For each a
ǫ1bǫ2c−ǫ2a−ǫ1 ∈ A4, we have
ψ(aǫ1bǫ2c−ǫ2a−ǫ1) = ψ(aǫ1)ψ(bǫ2)ψ(c−ǫ2)ψ(a−ǫ1)
= ψ(a)ǫ1ψ(b)ǫ2ψ(c)−ǫ2ψ(a)−ǫ1
= (aǫ1 , 0)(e, ǫ2(b, e))(e,−ǫ2(c, e))(a
−ǫ1 , 0)
= (aǫ1 , ǫ2(b, a
ǫ1))(a−ǫ1 ,−ǫ2(c, e))
= (e, ǫ2(b, a
ǫ1)− ǫ2(c, a
ǫ1)),
hence f(aǫ1bǫ2c−ǫ2a−ǫ1) = π ◦ψ(aǫ1bǫ2c−ǫ2a−ǫ1) = ǫ2(b, a
ǫ1)−ǫ2(c, a
ǫ1) ∈ A2(C×F (D)).
By the arbitrary, it follows that f(A4) ⊂ A2(C×F (D)). Since C×F (D) is a metrizable
space, it follows from [10, Proposition 4.8] that A2(C×F (D)) is a Fre´chet-Urysohn space.
Then there exists a sequence S = {ǫ2(k)(bk, a
ǫ1(k)
k ) − ǫ2(k)(ck , a
ǫ1(k)
k ) : k ∈ N} which
converges to 0, where ǫ1(k), ǫ2(k) ∈ {1,−1} for each k ∈ N. Then F = supp(S ∪ {0}) is
a compact subset in C×F (D). Since the projective mappings π1 and π2 are continuous
from C×F (D) to C and F (D) respectively, the sets π1(F ) and π2(F ) are compact in C
and F (D) respectively. Then the set F1 = {a
ǫ1(k)
k : k ∈ N} is a finite set since F (D) is
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discrete. Therefore, the set F2 = {bk : k ∈ N} is also finite since {bk : k ∈ N} ∩ Vn0 = ∅,
where n0 = max{na : a ∈ F1}. Therefore, there exist a ∈ F1 and b ∈ F2 such that some
subsequence {ǫ2(nk)(b, a)− ǫ2(nk)(cnk , a) : k ∈ N} of S converges to 0. Without loss of
generality, we may assume that (b, a)− (cnk , a)→ 0 as k →∞, that is, (cnk , a)→ (b, a)
as k →∞. Then cnk = b for any sufficiently large k, which is a contradiction.
Then aǫ1bǫ2i c
−ǫ2
i a
−ǫ1 → aǫ1bǫ2c−ǫ2a−ǫ1 as i → ∞, where b, c ∈ K. In viewing of the
proof of Subcase 1.1, we could prove that b = c, hence aǫ1bǫ2i c
−ǫ2
i a
−ǫ1 → aǫ1bǫ2b−ǫ2a−ǫ1 =
e as i→∞. 
For each g = a1 . . . an ∈ Fn(X)\Fn−1(X) with a1, . . . , an ∈ X∪X
−1, denote by PX(g)
the subfamily of P (X) consisting of all ̺ such that ̺∗(a−1i , ai+1) ≥ 1 for each i < n. For
each ̺ ∈ PX(g), put U̺(g) = {x1 . . . xiy
ǫz−ǫxi+1 . . . xn : x1, . . . , xn ∈ X ∪ X
−1, y, z ∈
X, ǫ = ±1, 0 ≤ i ≤ n, and ̺(y, z) +
∑n
k=1 ̺(ak, xk) < 1}.
Lemma 2.4. [2, Theorem 7.2.11]. The family {U̺(g) : ̺ ∈ PX(g)} is an open base for
Fn+2(X) at any point g ∈ Fn(X) \ Fn−1(X).
Lemma 2.5. Let B ⊂ F4(X) \ F3(X). If g = a1a2 ∈ B is a reduced form, where
a1, a2 ∈ X ∪X−1, then there is a convergent sequence {hn = xǫ1n y
ǫ2
n z
ǫ3
n t
ǫ4
n : hn ∈ B} such
that hn → g as n→∞.
Proof. Let ̺ be the metric on X in Lemma 2.1. If ̺∗(a−11 , a2) ≥ 1, then ̺ ∈ PX(g); if
̺∗(a−11 , a2) = r < 1, then (1/r)̺ ∈ PX(g). We may find a k ∈ N such that k > 1/r, if
r ≥ 1, then k = 1.
Let ̺n = nk · ̺ for each n ∈ N. By Lemma 2.4, U̺n(g) ∩ B 6= ∅ for each n ∈ N,
thus without loss of generality it can take an arbitrary point x1(n)y
ǫ(n)z−ǫ(n)x2(n) ∈
U̺n(g) ∩ B. Then n · ̺(y(n), z(n)) < 1, n · ̺(x1(n), a1) < 1 and n · ̺(x2(n), a2) < 1.
By Lemma 2.2, y(n) → f, z(n) → f , xi(n) → ai(i ≤ 2) as n → ∞. Therefore,
x1(n)y
ǫ(n)z−ǫ(n)x2(n)→ a1ff
−1a2 = a1a2 = g. 
Now, we can give an affirmative answer to Yamada’s Conjecture1.
Theorem 2.6. Let X be a metrizable space in which the set of all the non-isolated
points is compact. Then F4(X) is Fre´chet-Urysohn.
Proof. Assume that g ∈ B, where B ⊂ F4(X) and g ∈ F4(X). Next we prove that there
exists a sequence in B which converges to g. It is well-known that
F4(X) = [(F4(X)\F3(X))∪ (F2(X)\F1(X))∪{e}]⊕ [(F3(X)\F2(X))∪ (F1(X)\{e})].
If g ∈ F3(X) ∩B, we can find a sequence in B converging to g since F3(X) is Fre´chet-
Urysohn by Theorem 1.2.
If g ∈ (F4(X) \ F3(X)) ∩B, we consider the following cases:
(a) g ∈ F4(X) \ F3(X). By [2, Theorem 7.6.2], F4(X) \ F3(X) is metrizable, we can
find a sequence in B converges to g.
(b) g ∈ F2(X) \ F1(X). By Lemma 2.5,we can find a sequence in B converges to g.
(c) g = e. By Lemma 2.3, there is a sequence in B converging to e.
Therefore F4(X) is Fre´chet-Urysohn.

Acknowledgements. The authors are thankful to the referee for valuable remarks
and corrections and all other sort of help related to the content of this article.
1Professor K. Yamada informed us that he just proved this conjecture independently.
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